Abstract: The remnants are investigated by fermions' tunnelling from a 4-dimensional charged dilatonic black hole and a 5-dimensional black string. Based on the generalized uncertainty principle, effects of quantum gravity are taken into account. The quantum numbers of the emitted fermions affects the Hawking temperatures. For the black hole, the quantum gravity correction slows down the increase of the temperature, which leads to the remnant left in the evaporation. For the black string, the existence of the remnant is determined by the quantum gravity correction and effects of the extra compact dimension.
Introduction
The standard Hawking formula predicts the complete evaporation of black holes. In the original research [1] , the formula was gotten in the frame of quantum field theory on curved spacetime. It is based on the Heisenberg uncertainty principle (HUP). Therefore, it is natural to find that the complete evaporation is a direct consequence of the HUP. The semi-classical tunnelling method put forward by Parikh and Wilczek is an effective way to research on Hawking radiation [2] . With the consideration of the variable background spacetime, the tunnelling behavior of photons across the horizons was described veritably. The corrected temperatures were gotten and higher than the standard Hawking temperatures [1] . This result indicates that the variable spacetimes speed up the increases of the temperatures and the black holes evaporate completely. The extension of this method to the tunnelling radiation of massive scalar particles was found in the subsequent work [3, 4] . The Hamilton-Jacobi ansatz is another version of the tunnelling method [5, 6] . Adopting this ansatz, the standard Hawking temperatures were recovered by fermions' tunnelling across the horizons of the black holes [7] . All of these results lead to that black holes evaporate completely and there are no remnants left [8] .
On the other hand, various theories of quantum gravity, such as string theory, loop quantum gravity and quantum geometry, predict the existence of the minimal observable length [9] [10] [11] [12] [13] [14] . This view is supported by the Gedanken experiment [15] . An effective model to realize this minimal length is the generalized uncertainty principle (GUP), 1) which is derived by the modified fundamental commutation relations. β = β 0 l 2 p 2 is a small value, β 0 < 10 34 is a dimensionless parameter and l p is the Planck length. Kempf et. al. first modified the commutation relations and got [x i , p j ] = i δ ij 1 + βp 2 , where x i and p i are position and momentum operators defined respectively as [16] 
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x 0i and p 0j satisfy the canonical commutation relations [x 0i , p 0j ] = i δ ij . The modification is not unique. Other modifications are referred to [17] [18] [19] [20] [21] . These modifications play an important role on the black hole physics. Based on the GUP, it was found that there is no existence of black holes at LHC in [22] . The black hole thermodynamics was discussed in [23] [24] [25] [26] , respectively. The relation between the area and entropy and the corrected Hawking temperatures were gotten. An interested result is that the remnants exist in black holes' evaporation [27] [28] [29] [30] [31] [32] . Incorporating the GUP into the tunnelling radiation in scalar fields, the corrected Hawking temperatures in the Schwarzschild and the noncommutative spacetimes were obtained [31, 33] . Using the modified commutation relation between the radial coordinate and the conjugate momentum and considering the natural cutoffs as minimal and maximal momentum, the tunnelling rates were derived in [31] . The interesting result is that the minimal mass and the maximum temperature in the scalar field were found.
In this paper, taking into account effects of quantum gravity, we investigate the tunnelling radiation of fermions from a 4-dimensional charged dilatonic black hole and a 5-dimensional black string. The remnants are discussed by the corrected Hawking temperatures. The temperatures are affected by the quantum numbers (mass, charge and energy) of the emitted fermions. For the dilatonic black hole, the quantum gravity correction slows down the increase of the Hawking temperature. It is natural to lead to the remnant existed in the evaporation. In the black string spacetime, the quantum gravity correction and the effect of the extra compact dimension affect the evaporation.
The rest is outlined as follows. In the next section, based on the modified commutation relations put forward in [16] , we modify the Dirac equation in curved spacetime. In section 3, with the consideration of effects of quantum gravity, the fermion's tunnelling from the charged dilatonic black hole is investigated and the remnant is derived. In section 4, we investigate the fermion's tunnelling from the black string. The evaporation of the string is discussed. Section 5 is devoted to our conclusion.
Generalized Dirac equation
In this section, we adopt the modified operators of position and momentum in eqn. (1.2) to modify the Dirac equation in curved spacetime. To achieve this purpose, we first introduce the GUP into Dirac equation. We then generalize Dirac equation to curved background by standard process. Respecting covariance is certainly of importance during the derivations. Under this constraint, the modification of Dirac equation in flat spacetime based on GUP can be uniquely determined [34, [36] [37] [38] . The square of momentum operators is
In the last step, the higher order terms of β are neglected. In the theory of quantum gravity, the generalized frequency takes on the form as [35] 
with the definition of energy operator E = i∂ t . Using the energy mass shell condition p 2 + m 2 = E 2 , we get the generalized expression of energy [31, [34] [35] [36] ]
Then, in flat background, the modified Dirac equation based on GUP follows straightforwardly as in [34] . In curved spacetime, the Dirac equation with an electromagnetic field takes on the form as
where Therefore, it is readily to construct the γ µ 's in curved spacetime as
To modify the Dirac equation, we rewrite eqn. (2.4) as
namely,
The left hand side of the above equation is related to the energy. Using the generalized expression of energy (2.3), we get the modified Dirac equation as follows [34, 36] 
The last equal sign was derived by the expression of the square of momentum operators in eqn. (2.1) and the neglect of the higher order terms of β. In this equation, Ψ is the generalized Dirac field. Thus the modified Dirac equation in curved spacetime is
which is rewritten as
When eA µ = 0, it describes the Dirac equation without the electromagnetic field. In the following sections, we adopt eqn. 
The remnant in the 4-dimensional dilatonic black hole
The general solution of dilatonic black holes [39] was derived from the action
which describes the standard matter, gravity coupled to a Maxwell field and a dilaton. α is a parameter expressed the strength of coupling of the dilation field Φ to the Maxwell field F . It reduces to the usual Einstein-Maxwell scalar theory when α = 0, while it is part of the low energy action of string theory when α = 1. The metric of the spherically symmetric charged dilatonic black hole is given by
with the electromagnetic potential A µ = (A t , 0, 0, 0) = Q r , 0, 0, 0 , where
The event horizon is located at r = r + for all α and r + > r − . The mass and charge of the black hole are represented by M = For a spin-1/2 fermion, there are two states corresponding to spin up and spin down. In this paper, we only consider the state with spin up without loss of generality. The investigation of the state with spin down is parallel. The motion of a fermion in the dilaton black hole obeys the generalized Dirac equation (2.11) . To describe the motion, we first suppose that the wave function of the fermion with spin up state takes on the form as
where I is the action of the fermion with spin up state and A and B are functions of (t, r, θ, φ). To solve the equation (2.11), one should construct gamma matrices. The construction of gamma matrices is relied on a tetrad. It is straightforward to get the tetrad from the metric (3.2) as
Then the gamma matrices is constructed as
In the above equations, g θθ = R −1 , g φφ = (R sin θ) −1 , I is the unit matrix, σ i are the Pauli matrices,
We insert the gamma matrices and the wave function into the equation (2.11) and divide by the exponential term. Applying the WKB approximation, we get the resulting equations to leading order in . They are decoupled into four equations
It is difficult to solve the action from the above equations. Considering properties of the dilatonic spacetime and the above equations, we carry out separation of variables on the action and get
where ω is the energy of the emitted fermion. 
which implies
Thus the solution of Ξ can be gotten. It is a complex function other than the trivial solution of constant. This complex function produces a contribution on the action. However, it has no contribution on the tunelling rate since the contributions of the outgoing and ingoing solutions are canceled in the calculation. From the above equation, it is easily to derive the relation
Now we focus our attention on the radial action. Inserting eqn. (3.12) into eqns. (3.8) and (3.9) and using eqn. (3.15), we get
In the above equations, A and B are irrelevant to the result. Eliminating them yields
where
Keeping the leading order terms of β and solving W at the event horizon, we derive the imaginary part of the radial action
is the electromagnetic potential at the event horizon. Using the relations between M , Q and r ± , it is found that Π > 0. Thus the tunnelling rate of the fermion with spin up state at the event horizon is
This is the Boltzmann factor with the Hawking temperature at the event horizon of the dilatonic black hole taking
1+α 2 is the standard Hawking temperature. It is evidently that the corrected Hawking temperature appears and is lower than the standard one. This temperature is also lower than that derived by the semi-classical tunnelling method [2] . The correction value is determined not only by the mass and charge of the black hole but also by the quantum number (energy, mass and charge) of the emitted fermion. Due to the radiation, the temperature increases. Eqn. (3.23) shows that the quantum gravity correction slows down the increase of the temperature during the radiation. This correction therefore causes the radiation ceased at some particular temperature, leaving the remnant mass. Eqn. (3.23) describes the temperature of the Reissner-Nordstrom black hole when α = 0 and that of the Schwarzschild black hole when α = 0 and Q = 0. Using an assumption that the emitted particle is massless, we estimate the remnant of the Schwarzschild black hole. , where we assumed that the maximal energy of the emitted particle is the Planck mass M p .
The remnant in the 5-dimensional black string
In this section, we investigate the remnant by the fermion's tunnelling from a 5-dimensional spacetime. The emitted fermion is supposed to be uncharged. Therefore, the electromagnetic effect in eqn. (2.11) is not taken into account here. The 4-dimensional Schwarzschild metric is a static spherically symmetric solution to the vacuum Einstein equations. When an extra compact spatial dimension z is added, the metric becomes
r , r h = 2M is the location of the event horizon and M is proportional to the black hole mass. The metric (4.1) describes a neutral uniform black string. Here we investigate a fermion tunnelling from this string.
We still only consider the spin up state. The wave function of the fermion with spin up state is now assumed as
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A and B are functions of (t, r, θ, φ, z). The fermion's motion satisfies the generalized Dirac equation. Now the tetrad is different from that in the above section. It is e a µ = diag √ F, 1/ √ F, r, r sin θ, 1 . Then gamma matrices are constructed as follows
To apply the WKB approximation, we insert the wave function and the gamma matrices into the Dirac equation and divide by the exponential term. Multiplying by , the equations to leading order in are obtained and decoupled into four equations
It is also difficult to solve the action from the above equations. Considering the property of the black string spacetime, we carry out separation of variables as
where ω is the energy, J is a conserved momentum and describes a constant of motion corresponding to the compact dimension z.
We first focus our attention on the last two equations. They are irrelevant to A and B and can be reduced to the same equation. Inserting eqn. (4.8) into them, we get g θθ ∂ θ Θ + i g φφ ∂ φ Θ = 0 since the summation of factors in the square brackets in eqn. (4.6) and (4.7) can not be zero. Thus the solution of Θ is a complex function (other than the constant solution). The following relation, 
Neglect higher order terms of β and solve the equation (4.10) at the event horizon. We only interest the imaginary part of the action because the tunnelling rate is determined by it. The imaginary part is 12) where +(−) are the outgoing(ingoing) solutions. Thus the tunnelling rate of the uncharged fermion across the event horizon of the 5-dimensional black string is 13) which shows that the Hawking temperature is
(4.14)
In the above equation, T 0 = 4πr h is the standard Hawking temperature. It shows that the corrected Hawking temperature is not only determined by the quantum number (energy and mass) of the emitted fermion but also affected by the effect of the extra compact dimension. It is of interest to discuss the value of 3m 2 + 4ω 2 − 2J 2 . When 3m 2 + 4ω 2 > 2J 2 , it is easily found that the corrected temperature is lower than the standard Hawking temperature. This implies that the combination of the quantum gravity correction and the effect of the extra compact dimension slows down the increase of the temperature caused by the radiation. Finally, the black string should be in a stable balanced state. At this state, the remnant is left. The special case is J = 0. In this case, the fermion's motion is limited in the 4-dimensional spacetime. Thus eqn. (4.14) reduces to the temperature of the 4-dimensional Schwarzschild black hole.
When 3m 2 + 4ω 2 < 2J 2 , the corrected temperature is higher than the standard one. It shows that the black string accelerates the evaporation and there is no remnant left. If 3m 2 + 4ω 2 = 2J 2 , the effect of the quantum gravity correction and that of the extra dimension are canceled. Then the standard Hawking temperature appears and results in the complete evaporation. Therefore, the evaporation of the black string is affected by the quantum gravity correction and the effect of the extra compact dimension.
Conclusion
In this paper, based on the modified fundamental commutation relation, we modified the HUP and investigated the fermions' tunnelling across the horizons of the 4-dimensional charged dilatonic black hole and the 5-dimensional neutral black string. The corrected Hawking temperatures were gotten. The remnants were discussed by the temperatures. For the dilatonic black hole, the correction is determined not only by the mass and charge of the black hole but also by the quantum number (mass, charge and energy) of the emitted fermion. The interesting point is that the quantum gravity correction slows down the increase of the Hawking temperature. It is natural to lead to the remnant left in the evaporation. For the black string, the temperature is affected by the quantum number (mass and energy) of the emitted fermion and the effect of extra compact dimension. The existence of the remnant is determined by the combined effect of the quantum gravity correction and the compact dimension. In [40] , noncommutative black holes was discussed. In [41, 42] , the quantum tunnelling radiation were researched beyond the semiclassical approximation. The corrected Hawking temperatures were derived and also lower than the standard semiclassical Hawking temperatures.
